
Middle East Journal of Applied 
Sciences 
ISSN 2077-4613 

Volume : 09 | Issue :01 |Jan.-Mar.| 2019 
Pages: 184-190 

 
 

Corresponding Author:  Eslam N. El-Ganzoury, Department of Engineering Mathematics and Physics, Ain 
Shams University, Faculty of Engineering, Ain Shams University, Cairo, Egypt.  

                                            E-mail: Islam.Nabil@eng.asu.edu.eg 

184 

Stability for Non-Rectangular Plates under Axial Loads 
 

Eslam N. El-Ganzoury 

Department of Engineering Mathematics and Physics, Ain Shams University, Faculty of Engineering, 
Ain Shams University, Cairo, Egypt. E-mail: Islam.Nabil@eng.asu.edu.eg 
 

Said Y. Aboul-Haggag 
Structural Engineering Department, Ain Shams University, Faculty of Engineering, Ain Shams 
University, Cairo, Egypt. E-mail: Said_Haggag@eng.asu.edu.eg 
 

Abd Allah M. El-Marhomy 
Department of Engineering Mathematics and Physics, Ain Shams University, Faculty of Engineering, 
Ain Shams University, Cairo, Egypt. E-mail: Abdallah_Elmarhoumy@eng.asu.edu.eg 

Received: 06 Feb. 2019 / Accepted 10 Mar. 2019 / Publication date: 30 Mar. 2019 
 
ABSTRACT 

This paper is considering the critical buckling loads equations for the flat plates with non-
rectangular shapes like trapezoidal, hexagonal, or elliptical. The loading studied in these current cases 
will be just axial loading. However, the induced procedure can be used with any axial loading 
conditions. The new solving procedure developed in present study is obtaining admissible equations for 
the deflection of the plates associated in this paper with simpler approximate method. The new 
equations and technique have the advantage of easiness in calculations and obtaining acceptable 
accurate results. The reason for these advantages is the equations developed do not have complicated 
terms (like trigonometric or exponential) just simple polynomials. These equations obtained are then 
applied in the buckling calculations. 
 
Keywords: Buckling Load, Non-Rectangular Plates and In-plan Load 

 
Introduction 

The plate problem is the point of interest for many engineering researchers and field engineers 
due to the wide use and importance of the plates in majority of applications in constructions and industry 
fields. The plates become essential for most of the future life branches. Navier (1991) was the first to 
drive the governing equation for a thin rectangular plate subjected to direct compressive forces �� . 
Using the energy method, Bryan (1981) was the first to be able to solve the buckling problem for (SSSS) 
plate subjected to the direct, constant compressive forces acting in one and two directions. For thin 
rectangular plates in compression, Hartmann, (1933) and Cox, (1933) presented solutions of various 
buckling problems for these plates. While for circular compressed plates, Dinnik, (1911), Meissner, 
(1933) and Nadai  (1915) completed the buckling problem for them.  
 Southwell and Skan, (1924) were the first to study the direct shear forces effect on the buckling 
of a rectangular (SSSS) plate and Gere (Timoshenko and Woinowsky-Krieger, 1959), and Bubnov 
(1914) studied  the buckling behavior of a rectangular plate under nonuniform direct compressive 
forces. Karman et al. (1952), Marguerre, (1937), Levy, (1942) analyzed the post-buckling behavior of 
plates of various shapes. 
 A comprehensive analysis were presented by Timoshenko and Woinowsky-Krieger, (1959), 
Gerard and Becker, (1957), Volmir,  (1963), Cox,  (1963) of linear and nonlinear buckling problems 
for thin plates of various shapes under various types of loads. In addition to, they presented a 
considerable presentation for critical forces and buckling modes of available results, which can be used 
in many engineering designs. 
 The plate theories were totally improved as their recent trend of development has a heavy 
reliance on modern high-performance computers and the development of computer-oriented numerical 
methods now a days. The historical development of plates is presented in detail in (Timoshenko, 1953; 
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Truesdell, 1968). There is also trials for studying graded plates like in (Ramu and Mohanty, 2014) and 
other forms of stability (Eslami, 2018). 
 
Procedure technique: 
 The promising target of this paper is briefly describing a new solving procedure for obtaining 
admissible equation of the deflection � with simpler approximate method for the plates associated. This 
procedure is approximating the boundary conditions to certain selected points on the inclined or curved 
edges of the plate (beside free edges if exist). These points have to satisfy the equations of these edges 
of the plate.  
 Therefore, the expression � is formed as multiplication of two polynomial 
functions �(�) and �(�). Each of the two functions will be a function in only one of the two different 
variables � and � presenting the plate coordinates separately (i.e. � = �(�)�(�)). The separation will 
make it easier to apply the boundary conditions (B.Cs) separately on the two functions of each edge 
(side) without affecting the other one besides simplifying the calculation when both functions are 
needed together. The used assumed function of the deflection � will be set as two separate polynomial 
functions instead of tough and complicated expressions like trigonometric and logarithmic...etc. 
Therefore, in the present case study polynomial function �(�) is assumed as: 

�(�) = ���� + ���� + ���� + ��� + ��     (1) 

and function �(�)will be assumed as: 

�(�) = ����� + ���� + ���� + ��� + ��     (2) 

and �� (where � = 1,2,3, . . ,10) are constants to be set in such manner satisfying the (B.Cs) of 
the plate at all sides (the number of these constants can be increased if necessary also the degree 
of � and �). The resulting assumed function of � given by the following Eq. (3) will consist 
of twenty-five terms: 
� = (���� + ���� + ���� + ��� + ��)(����� + ���� + ���� + ��� + ��),                       

(3) 

which gives an acceptable predicted accuracy. The equation obtained in the form of Eq. (3) is then 
applied to the following integration to achieve the buckling load: 

�� = ��� =

� � � � ��
���
��� � + 2 �

���
������� + �

���
��� �� ����

��(�)
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��

− � � � �
���
��� � ����

��(�)
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(4) 

where, �� and �� are plate domains in � direction, while ��(�) and ��(�) in � direction and     � =
���

��(����)
  , in which � is Flexure Rigidity, � is Young’s Modulus and � is Poisson’s Ratios. This 

integration in Eq. (4) is obtained by Rayleigh Quotient from the differential equation for buckling of a 
plate presented in the following equation Eq. (5) (Bazant et al., 1993; Reddy, 2006; Dym and Shames, 
2013): 

� ��
���

��� � + 2 �
���

������� + �
���

��� �� = −���(�, �) �
���

��� �                                                                    (5) 

���(�, �) is the edge distributed load (force) function which cause buckling (Dym and Shames, 2013) 

in � direction only considering axial load in this direction as briefly describe the new method.  
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 Case studies:
 

 
Case (1): Trapezoidal flat plate with all edges clamped: 

 

 

 

 

 

 

 

 

Fig. 1: Trapezoidal plate with all edges clamped coordinates and example of the selected points 

 Considering the flat plate bounded by the boundaries of domain (0 ≤ � ≤ �), which 

are (CC �), and the boundaries of domain (−� ≤ � ≤ �) for which: 

� = �
−

�

2�
� + �, (0 ≤ � ≤ �)

�

2�
� − �, (−� ≤ � ≤ 0)

 

(6) 

The assumed function �(�) for (CC �) is set as Eq. (7) from Eq. (1): 

�(�) = ��(���� − 2��� + ��)     (7) 

, which satisfies the (B.Cs) of two opposite clamped edges in � direction and the assumption of �(�) 
function is set as Eq. (2). Therefore, the assumed displacement expression � is set as Eq. (8): 

� =  ��(���� − 2��� + ��)(����� + ���� + ���� + ��� + ��)   (8) 

 

 The boundary conditions for the clamped inclined edges represented in Eq. (6) require that the 

deflection � and the slope �� to be zero →�
��

��
= 0� on each plate edge. In order to, simplifying the 

presentation of new calculating procedure, the points (� = 1/2 �, � = 3�/4) and  (� = 1/2 �, � =
−3�/4) are just selected to apply the boundary conditions at them for present calculations. 
 The resulted equations to be solved for the constants in assumed �(�) function are: 
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 The previous four equations Eq. (9) to Eq. (12) are solved to get the constants (the coefficients 

of �) in Eq. (8). Therefore:  

�� = �� = 0, �� =  ��� �
��

���
� ��and �� =  −��� �

�

�
� ��   (13) 

 Substituting the obtained constants Eq. (13) into Eq. (8) and getting ��� constant as a common 

factor gives: 

�(�) = ��� − �
�

�
� ���� + �

��

���
� ���      (14) 

Therefore, Eq. (8) will be: 
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�
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���
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in which : � = ��  × ��� 

 The derived admissible expression of � in Eq. (15) can be applied to the following integration 

Eq. (8), considering symmetry in boundaries: 
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                                                                              (16) 

 That is carried on in order to obtain the buckling load �� equation of isotropic trapezoidal plate 

of the given boundaries with all edges clamped under uniform axial load ��� = −��. This equation is 

presented as: 

 

�� = 3.3958� �
�.��������.�����������.�����

���� �                                                                                (17) 
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Case (2): Hexagonal Plate with all edges clamped: 

 

 

 

 

 

 

 

 

 

 

Fig. 5.1: Hexagonal plate with all edges clamped coordinates 

 

 Considering the flat plate bounded by the boundaries of domain (−� ≤ � ≤ �), which are 
(CC �), and the boundaries of domain (−� ≤ � ≤ �) for which: 
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(18) 

The assumed function �(�) for (CC �) for the domain (−� ≤ � ≤ �) is set as: 

�(�) = ��(�� − 2���� + ��)     (19) 

which is can be easily derived. 
 The assumption of �(�) function is set as Eq. (2). Therefore, the assumed displacement 
expression � is set as Eq. (20): 

� =  ��(�� − 2���� + ��)(����� + ���� + ���� + ��� + ��) 
(20) 

 The boundary conditions for the clamped inclined edges represented in Eq. (18) require that the 

deflection � and the slope �� to be zero →�
��

��
= 0� on each plate edge. In order to, simplifying the 

presentation of new calculating procedure, the points �� = ±
�

�
�, � = ±

��

�
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the boundary conditions at them for present calculations. 
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 Due to the symmetry in boundaries of edges, the acquired �(�)is found similar to the 
trapezoidal one previously discussed as Eq. (7). Resulting for the Eq. (5.2-3) to be found as: 

� = �(�� − 2���� + ��) ��� − �
�

�
� ���� + �

��

���
� ���            (21) 

in which : � = ��  × ��� 
 The derived admissible expression of � in Eq. (21) can be applied to the integration Eq. (16), 
considering symmetry in boundaries. That results in producing the buckling load �� equation of 
isotropic hexagonal plate of the given boundaries with all edges clamped under uniform axial load ��� =

−�� . This equation is presented as: 

�� = 1.0869� �
��.�������.����������.������

���� �                                                                                   (22) 

 
Conclusion 
 
 This process can be applied to any in-plan load conditions or to orthotropic plate. Nevertheless, 
the procedure is just briefly illustrated and it can be widely used to any similar application with higher 
accuracy. The accuracy can be increased by Increasing the number of the selected points to be applied 
for the boundary conditions and/or the multiplied equations of �(�) will increase the accuracy and 
precision on the results but causing increasing the size of the resulted equations and the complication 
in the calculations. Therefore, only for the necessary of accurate results, it is no need to increasing that 
number. These equations obtained are then applied in the buckling calculations. 
 It is obvious that the new procedure can take the advantage of symmetry of equations to 
facilitate the calculation. In same manner, the accuracy can be increased as previously described in case 
(1).  
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