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ABSTRACT 
 

The objective of this paper is to develop an aircraft model, based on MatLab programming, 

simulation software has been developed to test the aircraft maneuvers and response for different control 

surfaces deflection inputs, most aircraft variables states response has been shown for the Delta Aircraft. 

 A six degree of freedom (D.O.F.) nonlinear equations of motions of the aircraft has been stated 

and programmed using MatLab software. Fourth order Runge-Kutta numerical integration has been 

used to calculate the aircraft states rates, also a simple jet engine model has been added to the simulation 

in order to take the effect of the change of air density on the engine thrust, Finally a completer flow 

chats shows the programming steps for the simulation program has been presented.   

 
Key words: Aircraft, Non-linear, Simulation, Model. 

 
Introduction 
 

Aircraft mathematical models and simulation programs are very important tool for aeronautical 

engineers as well as researchers, as they may use these programs to test the design of autopilots, 

guidance systems, and aircraft flying qualities. Youngjun et al. (2015) has used numerical flight 

dynamics simulations to be conducted with the three methods for four flight maneuvers and using four 

scheduling variable sets of increasing resolution. Alireza and Saghafi (2014) has proposed a new 

approach to identify and model the dynamics of a highly maneuverable fighter aircraft through artificial 

neural networks (ANNs). Roland. (2016) has developed a methodology which allows overall handling 

qualities assessment and performance predictions in specific aircraft maneuvers. 

In this paper we develop an aircraft mathematical model, test it using different control surface 

deflections as well as throttle lever, a simple mathematical model for the engine has been added to the 

simulation, then the open loop response for most of the aircraft variable sates has been shown for the 

Delta aircraft at flight condition 3 (Etkin, 1982). 

Aircraft Equations of Motion 

 

The Aircraft equations of motions are divided into four groups of equations (Brain and Lewis, 
(1992); Force equations, Moment equations, Attitude equations, and Navigation equations. And we will 
describe each group respectively in vector form then expand it to scalar form. 

 
 Force equations 

 

�̇� = −Ω��� + ���� +
��

�
 (1) 

Where 
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Expanding eq.1 to get the force equations in scalar form 

 

�̇ = �� − �� − �� sin � +
��

�
  (1.1) 

�̇ = −�� + �� + �� sin � cos � +
��

�
 (1.2) 

�̇ = �� − �� + �� cos � cos � +
��

�
 (1.3) 

 
Kinematic equations 

 

Φ̇ = �(Φ)�� (2) 

Where 

Φ = �

�
�
�

� �(Φ) = �

1 tan � sin � tan � cos �
0 cos � − sin �

0
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Expanding eq.2 to get the kinematic equations in scalar form 

 
�̇ = � + tan � (� sin � + � cos �) (2.1) 

�̇ = � cos � − � sin � (2.2) 

�̇ =
� sin � + � cos �

cos �
 (2.3) 

 
Moment equations 

 

�̇ = (�� � + �� �)� + ��� + ��� (3.1) 

�̇ = ���� − ��(�� − ��) + ��� (3.2) 

�̇ = (��� − ���)� + ��� + ��� (3.3) 

Where 
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Navigation equations 

 
�̇��� = ��

��� (4) 
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Where 

 

�̇��� = �
��

��

ℎ
� 

 
Expanding eq.4 to get navigation equation in algebraic form 

�̇� = � cos � cos � + �(− cos � sin � + sin � sin � cos �) + �(sin � sin � + cos � sin � cos �) 
(4.1) 

�̇� = � cos � cos � + �(cos � cos � + sin � sin � sin �) + �(− sin � cos � + cos � sin � sin �) 
(4.2) 

ℎ̇ = � sin � − � sin � cos � − � cos � cos � 
(4.3) 

The definition of variables used in the aircraft equations of motion are shown in fig.1. 

 

Fig.1: Symbols used in the aircraft equations of motion 

The components of forces (��, ��, ��) and components of moments (�, �, �) must be divided into 

aerodynamics contribution (��) and Thrust contribution (��) as follows 

�� = �� + �� (5) 

�� = �� + �� (6) 

 
Where 

�� = �

���

���

���

�  �� = �

���

���

���

�  �� = �

��

��

��

�  �� = �

��

��

��
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The aerodynamics contribution can be obtained from the following equations (Robert (1989)) 

Force acting on x-axis: ��� =  ����� 

Force acting on y-axis: ��� =  ����� 

Force acting on z-axis: ��� =  ����� 

Rolling moment: �� =  ������ 

Pitching moment: �� =  ����̅�� 

Yawing moment: �� =  ������ 
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Where 

�� ∶ Free-stream dynamics pressure 

� ∶ Wing reference area 

� ∶ Wing span 

�̅ ∶ Wing mean geometric chord 

The coefficients ��, ��, ��, ��, ��, �� are depending on the flight variables (��, �, �, �, �, �) and 

the change of control surface deflections ( ��, ��, ��); while the Thrust contributions  �� and Moment 

contribution �� are depending on Throttle lever deflection ��ℎ. 

Now equations (1), (2), (3), and (4) are 12 ordinary, non-linear, first order, differential equations that 
can be solved for 12 flight variables: �, �, �, �, �, �, �, �, �, �, �, � (where � ≡ ��,   
 

� ≡ ��, � ≡ −ℎ) knowing their initial values and knowing the aircraft forces and moments 

(��, ��, ��, �, �, �) with time. 

Building and Testing the Aircraft Model 

In this section we will build the Engine model, aircraft model and the steps of the simulation 

program that will solve the 12 equations of motion that had mentioned in the previous section. 

Jet-Engine Model 

The Engine model will describe how the thrust changes with the change of aircraft altitude and 

velocity. The relation between engine thrust and aircraft altitude can be obtained from the following 

relation (John, 2005): 

 
�

��
=

�

��
 (7) 

 
Where 

�� ∶ Thrust at sea level 

�� ∶ Air density at sea level 

� ∶ Thrust at certain altitude 

� ∶ Air density at the same altitude of thrust 

The relation between thrust and velocity can be neglected as the thrust of the jet-engine changes 

slightly with the change of the Aircraft velocity except at low velocity [9]. So in this analysis, we will 

not take into account the effect of thrust change with velocity. Thus, we can compute the engine thrust 

from the following equation 

������
= � ��������

 (8) 

 
Where 

������
∶ Maximum related thrust 

�         ∶ Aircraft mass 

�����  ∶ Acceleration in x-direction due to engine rpm change 

��������
∶ Acceleration in x-direction at maximum engine rpm 

So we may calculate ��������
 from eq.8 knowing the mass of the aircraft (�) and the maximum 

related thrust ������
. Now we may write eq.8 as follows 
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���

�
=

�������� 
∆����

100%
 (9) 

 
We will assume that at certain flight conditions, the engine rpm is initially at �% of the maximum 

engine rpm, so the maximum percentage change of engine rpm (∆����) is (100 − �) % and the 

minimum percentage change of rpm is �%. 

In Delta aircraft at flight condition 3 (altitude = 6100 meters and velocity = 253 m/sec.), we will 

assume that the engine rpm is initially at 70% of its maximum value. 

The block diagram of the engine model is shown in fig.2 which includes a limiter for throttle 

lever not to exceed maximum and minimum allowed values. It also includes the engine time lag between 

the change of throttle lever and engine rpm, where (1/� ) is the engine time constant and is equal to 1 

second. 

 

Fig.2: Block Diagram of Engine Model 

 
Aircraft Model 

The inputs to the aircraft equations of motion are the three deflection of control surfaces �� 

(elevator deflection), �� (rudder deflection), and �� (aileron deflection); and the throttle lever ��ℎ. After 

defining the values of the four inputs, we define the initial conditions of the states vector �� at time 

zero where �� = [��  ��  ��  ��  ��  ��  ��  ��  ��  ��  ��  ��] and the initial values for inputs vector 

�_�� = [��ℎ�  ���  ���  ���] then define time step Δ� to start the simulation of the first time step as 

follows: 

1- Starting with the Engine model. From the throttle deflection we calculate the thrust ��� using 

eq.9. Then calculate ���, � using the ratio between ����and ���� with ����, then get the air 

density from knowing the aircraft altitude using atmospheric tables, then using eq.7 calculate 

the actual Thrust acting on the Aircraft (���
 , ��� , ��). 

2- After calculating the thrust contribution, now we can get the aerodynamic contribution from 

the aircraft stability derivatives using the following equations: 

 
���

�
= ��Δ� + ��Δ� + ��̇Δ�̇ + ��Δ� + ���Δ�� (10) 

���

�
= ��Δ� + ��̇Δ�̇ + ��Δ�+��Δ� + ���Δ�� + ���Δ�� (11) 

���

�
= ��Δ� + ��Δ� + ��̇Δ�̇ + ��Δ� + ���Δ�� (12) 

 
Then by substituting in eq.5  �� is calculated. 

3- From force eq.1, the rate of change of velocity vector �̇� = [�̇      � ̇      �̇]� is calculated. 

4- Calculate the Aerodynamic Moments from the Aircraft stability derivatives using the 

following equations: 
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��

��
= ��Δ� + ��̇Δ�̇ + ��Δ�+��Δ� + ���Δ�� + ���Δ�� (13) 

��

��
= ��Δ� + ��Δ� + ��̇Δ�̇ + ��Δ� + ���Δ�� (14) 

��

��
= ��Δ� + ��̇Δ�̇ + ��Δ�+��Δ� + ���Δ�� + ���Δ�� (15) 

 

Then by substituting in eq.6  �� is calculated. 

5- From moment eq.3 the rate of change of Euler angles rates �̇� = [�̇      � ̇      �̇]� is calculated. 

6- From Kinematics eq.2 the rate of change of Euler angles Φ̇ = ��̇      � ̇      �̇�
�

 is calculated. 

7- Finally, from navigation eq.4 the rate of change of the aircraft positions �̇��� =

[�̇� �̇� ℎ̇]� or �̇��� = [�̇ �̇ �̇] where � = ��, � = ��, and � = −ℎ is calculated. 

8- Construct the rate of change of the states vector � ̇  where  �̇ =

��̇  �̇  �̇  �̇  �̇  �̇  �̇  �̇  �̇  �̇  �̇  �̇�
�
 . 

9- Using the numerical integration technique such as the Trapezoidal rule or Rung-Kutta, the 

next time step states vector can be calculated. In this work we used fourth order Rung-Kutta 

method as follows: 

�̇ = �(�, �) 

�(� + ∆�) = �(�) +
1

6
∆�(�� + 2�� + 2�� + ��) 

Where  

�� = �(�, �) 

 

�� = �(� +
1

2
∆�, � +

1

2
∆� ��) 

�� = �(� +
1

2
∆�, � +

1

2
∆� ��) 

�� = �(�, � + ∆� ��) 

Now as we obtained the next time step states vector, we shall go back to step 1 to calculate the 

next time step. By repeating these steps we will get the states vector of the aircraft with time, which 

represent the aircraft motion. 

 

These steps are described in the following flow charts as follows: 

 

Fig.3 is the whole aircraft non-linear model. 

Fig.4 describes the engine model. 

Fig.5 describes the states derivations vector function. 

Fig.6 describes Rung-Kutta integration technique. 
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Fig. 3: The whole aircraft non-linear model Fig. 4: Engine model 
 

  
Fig.5: States derivatives vector function Fig. 6: Runge-Kutta numerical integration 

function 
 



Middle East J. Appl. Sci., 8(3): 983-995, 2018 
ISSN 2077-4613 

990 

Simulation of Test Cases 

Now we shall test the simulation program with well-defined inputs and determine the response 

of the aircraft to these known inputs. Our test case will be simulated on Delta Aircraft flight condition 

3. 

 

Response to an Elevator Step 

The input to the simulation program is set to be negative elevator step (�� = −2�), For which the 

results of the flight variable versus time are shown in the figures from fig.7 to fig.12. 

 

  
Fig.7: Pitch angle response to �� = −2o Fig.8: Pitch rate response to �� = −2o 

  
Fig.9: Flight path angle response to �� = −2o Fig.10: Angle of attack response to �� = −2o 

  
Fig.11: Aircraft velocity response to �� = −2o Fig.12: Aircraft altitude response to �� = −2o 
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The results clarify that in most flight variables response very slow to the step input (�� = −2�) 

as the settling time is more than 2000 seconds (33 minutes). Also the response is oscillating with 

percentage over shooting more than 2000% for pitch angle until it reaches the steady state. 

 

Response to a Throttle Step 

The input to the simulation program is a step in the throttle lever with increase of 20%. The results 

of the flight variables versus time are shown in the figures from fig.13 to fig.18. 

 

  
Fig.13: Pitch angle response to 20% increase in 
throttle lever 

Fig.14: Pitch rate response to 20% increase in throttle 
lever 

  
Fig.15: Flight path angle response to 20% increase in 
throttle lever 

Fig.16: Angle of attack response to 20% increase in 
throttle lever 

  
Fig.17: Aircraft velocity response to 20% increase in 
throttle lever 

Fig.18: Aircraft altitude response to 20% increase in 
throttle lever 
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The results show that the Response to a 20% increase in throttle step input is still slow with high 

oscillations in flight variables. 

 

Response to a Rudder Step 

The input to the simulation program is a negative rudder step (�� = −1�). The results of the flight 

variables versus time are shown in the figures from fig.19 to fig.27. 

 

  
Fig.19: Heading response to �� = −1o Fig.20: Bank angle response to �� = −1o 

  
Fig.21: Pitch angle response to �� = −1o Fig.22: Roll rate response to �� = −1o 

  
Fig.23: Yaw rate response to �� = −1o Fig.24: Altitude response to �� = −1o 
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Fig.25: Aircraft Lateral motion to �� = −1o Fig.26: z-component velocity response to �� = −1o 

 
Fig.27: Aircraft Velocity response to �� = −1o 

 
For the negative rudder step (�� = −1�) the response of bank angle is rapidly increased till its 

value exceeds 60� which may cause the aircraft to stall. 

 

Response to an Aileron Step 

The input to the simulation program is an aileron step (�� = 2�). The results of the flight 

variables versus time are shown in the figures from fig.28 to fig.36. 

  
Fig.28: Heading response to �� =2o Fig.29: Bank angle response to �� =2o 
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Fig.30: Pitch angle response to �� =2o Fig.31: Roll rate response to �� =2o 

  
Fig.32: Yaw rate response to �� =2o Fig.33: Altitude response to �� =2o 

  
Fig.34: Aircraft Lateral motion to �� =2o Fig.35: z-component velocity response to �� =2o 

 
Fig.36: Aircraft Velocity response to �� =2o 
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Conclusion  

This paper presented aircraft equations of motion with six degree of freedom non-linear aircraft 

simulation program including simple jet engine model that takes into account the effect of change of 

altitude on engine thrust. This simulation program is tested on four-engine Delta aircraft at flight 

condition 3, with different elevator, throttle lever, aileron, and rudder step inputs. The results obtained 

show the open loop response of this aircraft at flight condition 3, where the response is very poor with 

most of flight variables which had long settling time more than one hour and percentage over shoot 

above 400 %. That is the aircraft has to fly with large oscillations for long period tell it reach a steady 

level flight again. Thus it is necessary to design autopilot systems to improve the aircraft response 

towards controllable flight. 

 

List of symbols and abbreviations 

��, ��, �� Aircraft forces coefficients �, �, � Aircraft angular velocity components 
along body axis 

��, ��, �� Aircraft moments coefficient ��, ��, ℎ North, East, and altitude positions of the 
aircraft 

��, ��, �� Total forces applying on the aircraft ���� North, East, and altitude positions of the 
aircraft vector 

�� Total forces applying on the aircraft 
vector 

�� Total moments applying on the aircraft 
vector 

�� Aerodynamic contribution of force 
components vector 

�� Aerodynamic contribution of moment 
components vector 

�� Engine thrust contribution of force 
components vector 

�� Engine thrust contribution of moment 
components vector 

�� Gravitational acceleration �, �, � Aircraft velocity components along body 
axis 

���, ���, ��� 

���, ��� 

Moments of inertial of the aircraft �� Aircraft velocity components vector 

�, �, � Total moments applying on the aircraft �� Aircraft total velocity 

� Aircraft mass � Angle of attack 

�, �, � Aircraft Euler angles � Side slip angle 

Φ Aircraft Euler angles vector ��, ��, �� Elevator, aileron, and rudder deflections 

�� Aircraft angular velocity components 
vector 

��ℎ Throttle lever deflection 

�� Aircraft initial velocity in x-axis �� The aircraft yawing moment dimensional 
derivative due to change of parameter � 

�� The aircraft force dimensional 
derivative acting on y-axis due to 
change of parameter � 

�� The aircraft Rolling moment dimensional 
derivative due to change of parameter � 
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