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ABSTRACT
The Purpose of this document is to accept the generalization of T- contractive type mapping on

complete metric spaces. On this paper, we obtained sufficient conditions for the existence of a unique
fixed point of generalized contractive type mappings on complete cone metric spaces depending on

another function.
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1. Introduction

Mustafa and Sims, (2006) considered a more generalization of metric spaces, that of G- metric
spaces. Mustafa and Awawdeh, (2008) presented several fixed-point theorems for mapping satisfying
different contractive conditions in G- metric spaces. Long- Guang and Xian, (2007) generalized some
facts of metric spaces, a cone metric space. Moreover, they described the convergence of sequences in
cone metric spaces and introduced the corresponding somethings of completeness. After wards, they
presented some fixed-point theorems of contractive mappings on complete cone metric spaces. Some
of the mentioned results were considered by Rezapour and Hambarani, (2008) omitting the
assumption of normality on the cone. Beiranvand et al. (2009) introduced category of T-Contraction
and T—Contractive functions, extending the Banach contraction principle. The results are generalized
by Beg et al. (2010) with normal constant K=1. In addition, we have considered the existence of
fixed-points for non — explosive map in cone metric space see (Raja and Vaezapour, 2008; Zhang,
2010). Long- Guang and Zhang, (2007) in obtained some fixed-point theorems for mappings
satisfying different contractive conditions. And they generalized some Fixed-point theorems in metric
spaces. Moreover, they studied the existence and uniqueness of the Fixed- point for pair of expansive
mapping defined on a complete metric space. We will present some important results of fixed-point
theorems of contractive mappings on cone metric spaces. The Purpose of this paper is to analyze the
existence and uniqueness of Fixed- point, we generalized the results about some fixed points of Raja

and Vaezapour, (2008). Moreover, we tried to trace some important results of Fixed — point theory,
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common Fixed - point theorems in cone metric spaces, and finally some coupled Fixed-point
theorems in cone metric spaces.

2- Preliminary notes:
Concisely, we give some basic definitions and concepts, which can be considered as a
background to this work.

Cones: 2.1
In this section, we shall define the concept of cones and show some examples.

Definition 1: Mustafa and Awawdeh, (2008).

Let E always be a real Banach space.and P a subset of A is called a cone in A if satisfies the
following:
(i) P isnon closed, convex,nonempt,and P # {0} ; whereOi sthezerovect onofP

(iIfa,b € R,a,b = 0,and x,y € P imply that ax + by € P;

(iii)x € Pand —x € Pimply that x = 0.

Definition 2: Mustafa and Awawdeh, (2008).

Given any cone P C A, we define a partial ordering < with respectto P on E as:

1-x < y,ifandonlyif,y —x € P.

2-x<ytoindicate that x < ybutx # y.

3-x << y wherey- x € P°. where P° denotes the interior of P.

Definition 3: Mustafa and Awawdeh, (2008).

A cone P is called normal if there is a number K > 0, such thatforallx,y e E,0 < x < y
implies ||x || < k|| y||, the least positive number k satisfying above inequality
is called the normal constant of P.

Some family of examples.

Examples of cones:

Example 1: Mustafa and Sims, (2006).

Let A= R?,thenP = {(x;,x;) EA; x; =0;Vi=1,2}is acone

Example 2: Rezapour and Hambarani, (2008).

Let A= R™,thenP = {(x1,%5 ... ... X)) EA s x; 20,Vi=1.2.. .. ,n}is a cone
Cone metric spaces:- 2.2

In this portion, we will define cone metric spaces, and show that some theorems and properties
about cone metric, besides having discussed the relation between metric spaces and cone metric
spaces.

Let A to be a real Banach spaces, and P be a cone of A. We define cone metric spaces as follows.

320



Curr. Sci. Int., 11(3): 319-328, 2022

EISSN: 2706-7920 ISSN: 2077-4435 DOI: 10.36632/¢si/2022.11.3.23

Definition 4: Mustafa and Sims, (2006)
Let X be a nonempty set. Suppose the mapping d : X X X — A satisfies:
(d1)0 < d(x,y)forallx,y € Xand d(x,y) = 0if and only if x = y;
(d2)d(x,y) = d(y,x),forallx,y € X;
d3)d(x,y) <d(x,z) + d(y,z) forallx,y,z€ X.
Then d is called a cone metric on X.and (X,d )is called a cone metric space -
Note from the definition that cone metric spaces generalize metric spaces.
Here are some familiar examples of cone metric spaces.
Example 3: Mustafa and Awawdeh, (2008)
Let A = R3withP = {(x,y,2):x,y,z = 0},X =R.
and D : X x X X X—— R® such that:

D(x.y) = {lx — yl.asly — zl, azlx — z|}

where ay,a, > 0.Then (X,D)is3 —di mconemetrigpace

Example 4: Mustafa and Awawdeh, (2008) Let A = R™ with P = {(x1,%3..,%,): x; = 0,Vi

1,...,n} X =R™
and D = X X X — E such that:

D(x.y) = {lx — ylaslx — yl,...,an_qlx = yl}
wherea; > 0 foralll < i < n — 1.Then (X,D)isaconemetrigpace:-
Defini ti oBeget al. (2010)

Let (X,d)be a cone metric space and A € X - Then A is said to be bounded
above if e € E; e = 0suchthat,d (x,y) < e;

Vx,y € A,and A is called bounded if5(A) = sup{d(x,y):x,y € A}existsin E -

2.3-Convergence in Cone Metric Spaces:

Below, we present the notion of convergence of sequences in cone metric spaces.

Definition 6: Beg et al. (2010)

Suppose that (X, d) be a cone metric space,x € X and {x,},>1 a sequence in X, Then:

i) {x, }ns1converges to x, wheneve Vc € Awith 0 < ¢ ,there is a natural number N.

such that d(x,,x) < ¢,¥n = N.We denote this by li mx,, = xorx, — x.
n—-oco

i) {xp}ns1is Cauchy sequence whenever for every c € Awith

0 < c ,there is a natural number N.such that d(x,,x,) < ¢c,vn,m = N.
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iii) (X, d) is complete cone metric space if every Cauchy sequence is convergent in X.
Lemma 1: Beg et al. (2010)
Let (X, d) be a cone metric space, P is a normal cone with normal constant k
and {x,}is a sequence in X, then
i) {x,} converges tox & 111_){.101 d(x,,x)= 0.
ii) If {x,} is convergent, then it is Cauchy sequence.
iii) {x,}is a Cauchy sequence if,and only if,nlnilinood(xn,xm) =0.
iv) If {x,} » xand {x,} > y,asn > oo, thenx = y.
v)If {x,} = x,asn - o and {y,,} is another sequence in X such that {y,,} > y
then d(x,, y,) = d(x,y).
Definition 7: (Dubey et al., 2013)
Let (X,d) be a conemetrigpaceP anormalconewi t hnor malconst ank

andT:X — x,.ThenTi ssai d obe conti nuousfli mx, = x i mpli eshat
n—-oco

limTx, = Tx forevery{x,}inX.Tissai d obesequenti allyonver gent fne have.

n—-oo

foreverysequencdy,}, when {T(y,)}i sconvergent her(y,)i salsoconver gent
Definition 8: Dubey et al., (2013)
Let(X,d) beaconemetrigpacei ff orany sequenced nX t heré sa subsequence

{xni } of {x,} sucht hat{xni } i sconvergent nX. ThenXi scalleda sequenti allyompact
conemetrigpace

Now, it is time to define 3- dimensional cone metric spaces.

Definition 9:

Let X be a nonempty set. Suppose the mapping d : X X X X X — A satisfies

(d1)0 < d (x,y,z) foreveryx,y,z € Xand d(x,y,z) = Oif andonly if x = y = z;
d2)d(x,y,z) = d(y,x,z) = ... ... foreveryx,y,z € X;

d3)d(x,y,z) <d(x,y,w) + d(w,y,z) foreveryx,y,z,w € X.

Then d is called a cone metricin X, and (X, d ) is called 3- dimensional cone metric space.
2.4. G- cone metric spaces:

Definition 10: Beg et al. (2010)

Let X # @.Suppose the mapping G : X XX XX — Asatisfies:
GDG(x,y,2)=0ifx =y = z.
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(G2) 0 < G(x,x,y); whenever x # vy, for every x,y € X.

(G3)G(x,x,y) < G(x,y,z); whenevery + z.

(GH)G(x,y,2) = G(x,z,¥) = G(y,x,2) =...(Symmetric in all three variables).
(G5)G(x,y,2) < G(x,a,a) + G(a,y,z)forallx,y,z,a € X.

Then G is called a generalized cone metric in X, and X is called a generalized cone metric space or
more specifically a G - cone metric space.

The concept of a G — cone metric spaces is more general than that of a G — metric spaces and cone
metric spaces. For the definition of G — metric, cone metric spaces and related concepts we refer the
reader to Rezapour and Hambarani, (2008); Zhang, 2010; Azam et al., (2010) Beg et al. (2010)

Definition 11: Sastry et al. (2011)
A Generalized cone metric space X is symmetric if G(x,y,y) = G(y,x,x).
forallx,y € X-

Examples of Generalized metric spaces.

Example 5: Sastry et al. (2011)

Let (X.G) be a cone metric space,consider G : X X X X X - A.

by G(x,y,z) = d(x,y)+ d(y,z) + d(z,x).Then G is a generalized metric space.
Example 6: Sastry et al. (2011)

Let X = {a.b},A = R3,P = {(x,y,2) € E |x,y,z = 0}.

DefineG: X X X X X - A byG(a,a,a) = (0,0,0) = G(b,b,b).
G(a,b,b) = (0,1,1) = G(b,a,b) = G(b,b,a).

G(b,a,a) = (0,1,0) = G(a,b,a) = G(a,a,b)

Note that X is non — symmetric G — cone metric space as G(a,a,b) # G(a,b,b)
Proposition 1: Sastry et al. (2011)

Let (X,d;) be a generalized cone metric space.defined; : X X X - E.
by dg(x,y)= G(x,y,y)+ G(y,x,x),then (X,d;) isaconemetrigpaces
Proposition 2: Sastry et al. (2011); Turkoglo et al., 2012)

Let X be a generalized cone metric space then the following are equivalent.

(i) {xn,} is converges to x.

(i) G(xp, xp,x) = 0,asn — oo,

(iii)G(xy, x,x) = 0,asn - oo

(iv) G (%, xp,x) = 0,asm.n - oo,
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3. Main results:

Next, we are going to generalize in the case when we have n- continuous and onto mapping
fi,f5 o fy where f;: X - X ,1<i <m. satisfying the following condition.

d (fr(x).ft(x)) >Kd(x.y)+L d(x. fr(x)) + Md(y. ft(y))
Forallx.yeX. K=-1,L>=1,M <1 are constant withK+L+ M > 1.

The following fact is to consider and prove the above condition that implies the finite number of
continuous and onto mapping having common a fixed-point in a complete cone metric space.

Theorem 1:

Let(X, d) be a complete cone metric space and suppose fi, f;. ... ..., f,: X = X be any continuous
and onto mappings satisfying the condition

d (fr(x),ft(x)) >Kd(x,y)+1L d(x, fr(x)) + Md(y, ft(y))

Forallx,ye X, K=—-1,L=21,M <1 areonstant withK+L+M > 1..

Then fi,f;. ......, f,, have a common fixed point in X.
Proof:
Suppose that x; € X, since f,f,. ...... , f;, areont gthere exist x; € X, i = 1, 2,....., m such that

filx) = x0, 2(02) = Xqe v vv e, frn () = X1
We define x,,, and x,, .1 by X, = f1(Xn41) s Xns1 = fo(Xna2) forn=01......
If x, = xp4q for somen = 1,then x,, is fixed point of f; and f,.
PutX =2x,41,Y = Xp42 We have
d (xn, Xn41) = d (fiXpe1, fiXne1)
d (xp, Xp41) = K d(xpi1,Xn42) +1L d(xn+1rf1(xn+1)) + Md(xn+2,f2 (xn+2))
2 K d(Xn41, Xp+2) + L dOpiq, %0) + M d(Xp42, Xp41)
(1 —1L)d (xn, xp41) = (K + M) d (Xp41, Xp42)

(K + M)

d (X, Xp41) = =)

d (Xp41, Xn42)
d (Xp, Xn41) = hd (Xpiq, Xpe2)
Whereh=%,0£h£1

In general
d (xny Xp41) < hd(xp_q, %) + -+ h"d(xp, x1)

Soforn <k, d(px) < dlxy, xpe1) + -+ dOm—1,%Xm)
S [hn + hn+1 +--- +hm_1] d( xo, xl)
hn
< in d( xo, 1)

Let c 20 be given, let a natural number N; be Such that h™/ (1-h) d (xy, x; ) <c. Forall
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n=>N; - Thusd(x,, x,) <c,forn<m:

Therefore {x, }is a Cauchy sequence in (X, d).Since(X, d) is a complete cone metric space, there
exists x* € X such thatx,, - x*asn — oo -

If fis a continuous, then

d (£,(),20) < d(fCosn), £()) + Md(E(rg1),x7) > 0asn - o
Since x, = x* and f.(xp41) = ff(x)asn— oo, r=0.1.... m-
Therefore d (f.(x*),x*) = 0,which this imples that f.(x*) = x".

Hence x* i sf i xeghoi nt

Next, we consider two conditions on some map on a complete cone metric space which
implies that maps has a unique fixed-point.

Theorm 2 :

Let (X, d) be a complete cone metric space,P a normal cone with a normal constant K. Let
T: X — X satisfy the following conditions

d (Tx,Ty) < K{d(x,y) + d(Ty,x)}
Or d (Tx,Ty) < K{d(x,y) + d(Tx,y)}
Forallx,y € X,where K € [0,1] is a constant. Then T has a unique fixed point inX.
Proof:

Suppose that
d (Tx,Ty) < K{d(x,y) + d(Ty,x)}

andlet x, € Xand x; € X, such that x; =T xyand x,,41 =T x, =T"*! x,, for n=1, 2 ... We have,
d(x,y)=d(xpsq1, x5)=d(T x,, T x,,_1) , then using condition
d(T X, T xp—1) < K{d( xn, Xp—1) +d (T X1, xn)}.

So, d (Txp, Txp—1)< K{d(xy, xp—1)+d (xn, xu)}
d(Xpt1, Xp)<S K d( X, xp-1), (1)
we have Forn>m,

d(xn, Xm) <d (Xn, Xp—1) +d(Xn-1, Xn-2) ++d (Xms1, Xm)-
From condition (1).
d(Xp41, %) S K d( xp-1, Xp_2) -

< K? d(x,_2, Xp_3).
< K™ d(xq, x0).

d( Xy Xpm) S [KVY 4+ K¥2 - +K™] d( x4, Xp)-

IA

KTL
1 d ( x4, xp).

325



Curr. Sci. Int., 11(3): 319-328, 2022
EISSN: 2706-7920 ISSN: 2077-4435 DOI: 10.36632/¢si/2022.11.3.23

since, Ild (2, xm) | < 2 lld ( 21, 20) Il
This implies d (x,, x,,) > 0 asn,m — .
Choose a natural number N; ,such % [ld ( %1, x0) || <c, for all m € N;. Thus,d (x,, x,) < ¢,
for n > m. Hence { x,,} is a Cauchy sequence.
By completeness of X, we have x,, = x*asn — oo, for some x*in X.
Since, d (Tx™*, x*)< d(Tx,, Tx*)+d( Tx,, x*).
SK[d(xpx™)+ d(Txy,x*)]+ d(Tx,, x*).
SK[d(xp,x")+ d(Txp,x")]+ d(Tx,,x%)
d(Tx*, x*) < Kd (xp,x")+ (K+1) d (T xp, x7)
d(Tx*, x*) < Kd (xp,x")+ (K +1)d (xp401,x)].
lld (Tx*, x|l < [K |ld Cxp, x| + (K+1) l|d (Xn41,x7)| = 0 asn - oo].
Hencel|ld (Tx*, x™)|| = 0, this implies Tx* = x™.
Then x™ is a fixed point of T.
To prove the uniqueness of x* , we have if y* is another fixed point of T, then
d(x*,y*)= d(Tx*, Ty").
< K[d 5y +d(y", Ty
Then, d(x*, y*) < 2Kd (x*,y")

*

Hence, d(x*,y*)=d (x*,¥"),and x*= y*. Hence, the theorem is proved.

Next, we consider one condition on some map on a complete cone metric space which implies that it
map has a unique fixed-point.

Theorem 3:
Let(X, d) be a complete cone metric space, P be a normal cone with a normal constant K.
Let T: X — X that satisfies the condition:
d(Tx,Ty) <ad(x,y)+Bdlx,Tx)+ yd,Ty)
Forallx,y € X, wherea, B,y € [0,1] is a constant.
Then T has a unique fixed pointin X.
Proof:
There exist x, € X and x; € X, such that x; =Txgand x,,41 =T x, =T™*! x, forn =1, 2,.....
We have, d ( x,,41, X)) =d (T xp,, T x,,_1), then from condition
d(T %, T Xp—1)< @ d( Xp, Xp—1) +B k d( 2, T x) +y d( X1, T Xp—1) .

SO, d(T xp, T xp—1)< a@d( Xp, Xp—1) +B k d(Xp, Xpiq) vy d(xp_1, Xp) .
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(1"8)d ( Xn+1, Xn)S ((Z + V) d ( Xn, xn—l)-

(a+y)
d (Xps1, Xp) < (1"‘_;)

d( x,, Xn_1)

d ( Xn+1, xn)S K d( Xn, xn—l)- (1)

(aty)

Where K = B

Forn>m,

d (X, Xm) <d(Xn, Xp-1) +d(Xp-1, Xn—2) ++d (Xms1, X))
using condition (1).
d (X1, %) S K d( X1 Xp-2) -
< K? d( xp_z, Xp_3)-
< K™ d( xq, xp)
d (%, Xpm) < [KY1 4+ K2 4+ +K™] d( x4, Xp)-
K

S E d (xl, xO).

. Kn
Since, [|d (xn, xp) || < 7= [Id ( x4, %)l -

This implied d (x,, xn) > O0Oasn,m — o

n
Choose a natural number Nj such 1K_—K [ld (x1, x9) || <c, for all m € N1. Thus, d (x,,, x,) < ¢, for

n >m, hence { x,,} is a Cauchy sequence.

Since, X is complete, we have x, = x* asn — oo,
Since, d (Tx™, x™)< d (T x,, Tx™) +d(T x,, x7).
Again using the given condition

d(Tx*, x*) < d(Tx, Tx™)+d(T x,, x*)

S ad( xpx")+ Bd(xy, Txn) + v d(x",Tx")+d (Txp,x")

S ad (X0, x") + Bd(xn, Xp41) + ¥ d(x",Tx) +d (Xn4q, X7)

1-d(Tx*, x") < ad(xp,x*)+ Bd(x,, xpe1) +d (Xpe1,x™).

d (T, x) <o lad (o x7) + BdCan ) +d (g, ).

* ok 1 * *
lld (Tx*, 29l < = lalld Cen D+ Blld(xn, Xns) I+ lld (engr, x> 0.

Since ||d (Tx*,x*)|| =0, then Tx* = x*.
Then x* is a fixed- point of T.

To prove the uniqueness, then d (x*, y*) = d (Tx*, Ty").

< ad@y)+ Bd(x*, Tx)+yd(y*, Ty*).

Then, d(x*,y*) < ad (x%y*).
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Hence, x*=y™*. Thus, the theorem is proved.

Conclusion
We have introduced new generalized cone metric spaces and proved some important properties.
For our results, the concept of cone metric spaces can be considered as a fundamental tool in the

Analysis Theory. We generalize gradually this notion.
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